In this paper, we investigate positive solutions of the strongly coupled degenerate parabolic system with localized sources
Introduction
In this paper, we consider the following degenerate and strongly coupled, parabolic system with localized sources
v(x, 0) = v 0 (x), x ∈Ω, (1.1) where Ω ⊂ R N is a bounded domain with smooth boundary ∂Ω and a, b, p, q are positive constants with pq < 1, x 0 ∈ Ω is a fixed point; u 0 (x), v 0 (x) ∈ C 1 (Ω) The system (1.1) can be used to describe the development of two populations in the dynamics of biological ecology where u and v represent the densities of the two species.
Over the last two decades, much effort has been devoted to the study of global and nonglobal solutions of degenerate parabolic equations. Among them, Gao et al. [1] obtained existence and non-existence of global solutions to the degenerate parabolic equation with localized source
Wang et al. [2] and Li et al. [3] studied the strongly coupled degenerate parabolic system
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and proved that there exist global positive classical solutions if and only if min{a, b} ≤ λ 1 , where λ 1 is the first eigenvalue of Dirichlet problem
and φ(x) the corresponding eigenfunction, normalized by φ(x) > 0 in Ω and maxΩ φ = 1. As for more results related to degenerate parabolic equations, refer to, e.g., [4, 2, [5] [6] [7] [8] [9] [10] .
In this paper we study the conditions under which the global and non-global solutions, respectively, are admitted by the strongly coupled system (1.1) with nonlinear localized sources. In addition, the global blow-up will be proved for radial solutions.
Local existence
We begin with the existence of local solutions to (1.1). Denote Ω T = Ω × (0, T ), S T = ∂Ω × (0, T ). The following comparison principle will play a crucial role in the paper.
Lemma 2.1 is very similar to Proposition 1 in [2] , and so we omit the proof here. The next lemma deals with another comparison principle used in this paper.
with at least one of them nondecreasing in t.
Proof. Without loss of generality, assume
is between v(x, t) and v(x, t). In the sequel, we will use ξ i , η i (i = 1, 2, . . . , 6) to denote the functions required by Lagrange's formula. We also have
To show the local solvability of problem (1.1), consider the following regularized problem
where
By the classical parabolic theory [11] , the regularized problem (2.1) has a unique positive solution (u n , v n ) in Ω T n . Using maximum principle [12] we conclude that u n , v n ≥ 1 n , and hence satisfy
with the initial and boundary conditions in (2.1).
Now, we construct a uniform bounds for (u n , v n ), with the maximum existence time T n .
Lemma 2.3. There exist T < T n and k
Proof. Consider the system
The classical parabolic theory ensures that (2.3) has a unique classical solution (ũ,ṽ) withũ,ṽ ≥ ζ . Let w =ũ t , z =ṽ t . Differentiating (2.3) with respect to t and combining with (2.4), we obtain
By Lemma 2.1 we knowũ t ,ṽ t ≥ 0 in ΩT , and hence (u n , v n ) ≤ (ũ,ṽ) in ΩT by Lemma 2.2 withT ≤ T n . Now consider the uniform lower bound for (u n , v n ).
Let k be small such that u 0 (x), v 0 (x) ≥ kφ(x) onΩ. Then it follows from Lemma 2.1 with (2.6) and (2.7) that u n ≥
Next, we will give some estimation for (u n , v n ). Denote
Proof. We only give the details for u n . Multiplying the first equation of (2.2) by
Since by Young's inequality
and hence 
Global existence and nonexistence
We establish the existence and nonexistence of global solutions to the problem (1.1) in this section. At first consider the conditions for global solutions. 
and similarly
. Then it follows from (3.1) and (3.2) with a ≤  a and
We know w, z ≥ 0 by Lemma 2.1. This implies that the solution is uniformly bounded with u, v ≤ K ψ(x). For t 0 ∈ (0, T ), take K large such that e bK q t 0 ≥ M q c 1 , and set
By Lemma 2.1, we conclude v ≤ K e e bK q t for (x, t) ∈ Ω × [t 0 , T ).
(iv) This case can be treated by the arguments used for the cases (ii) and (iii).
Next, we give the conditions for non-global solutions.
Then the solution of (1.1) blows up in finite time provided either a, b or u 0 (x), v 0 (x) are large enough.
where s(t) is a positive nondecreasing function with δ > 0 to be determined, α = . Then, by Taylor's formula,
Again by Taylor's formula,
Noticing βp = α − 1, (3.5) is reduced to
with σ 1 = min(p, 1) and
Similarly, we also have
with σ 2 = min(q, 1) and Consider I 2 at first. We have a
where δs α (t)φ(
Next show I 1 is nonnegative too. Since In summary, we obtain from (3.6) and (3.7) for all a ≥  a and b ≥  b that w t ≥ v p w + b 1 (x, t)w(x 0 , t) + c 1 (x, t)z, (x, t) ∈ Ω × (t 0 , T s ), (3.12) z t ≥ u q z + b 2 (x, t)z(x 0 , t) + c 2 (x, t)w, (x, t) ∈ Ω × (t 0 , T s ). (3.14)
By Lemma 2.1 with (3.12)-(3.14) and w = z = 0 on ∂Ω, we conclude u ≥ δs α (t)φ(x), v ≥ δs β (t)φ(x), (x, t) ∈ Ω × (t 0 , T ) (3.15) with T ≤ T s .
